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PREFACE , . 

6 

This paper has been organized in two principal parts: 
Part I- Some Mathematical Considerations 
Part Some Research Considerations 

Although the content of Part I is relatively unsophisticated, it does 
go well beyond "addition and subtraction skills*' at the level of "initial 
learning." Most importantly, this background emphasizes an all-too-fre- 

C * 

quent]y overlooked or neglected interpretation of number operations that, 
I believe, has nontrivial import for past, ongoing, and future research 
and instructional considerations pertaining to "The Initial [and Subse- 
<iuent] Learning of Addition and Subtraction Skills," 

\ 

In preparing this paper I have pro'fited greatly from numerous discus- 
sions with one of my Ph.D. advisees, Glendon W. ^Blume. However, I a^ very 
quick to absolve Glen of any responsibility for the paper's content and 
for points of view it may advance. I alone accept the partisan's role. 



Mathematica l Operations 

How a re/ opamtioHs i_n general > and addition and siStvaatim A v[ 'par- 
ticti1ar > v character>ze(j for el ementary - school students ? 

In m^ny t^xtbooics (and similar materials) no attempt'is made to do so 
in any 'expl icit verbal or symbolic fonn. This may be w1se\ since certain 
efforts to charac'ter-i'ze- operations or addition or subtraction leave mupfr to 
be desired. For irtstartte: . " ' ^ , 

• ^1. Milton & Leo {1975} assert the. following-: ' " • . 

'^Mumber operations- An operation is a rrule for combining .numbevs , 
Addition and subtraction are operations I tal ICS mine)- ' 
/ Eicholz, O'Daffer ^ Fleenor (1978} refer to^ *'GOtnbining" only in 

connection with addition, and ma^e no- mention of any *'rule": - ^ 

"Addition* An operatioc^ that combines- a/firiS^t.. number gnd a second- 
number to -^ve exactly one numter called a^^u|iu-r(p*- 342) ' ' ^ 

■'Subtraction* An operation^ related to addition as ijlustrated; 

15 - 7 = 8..'" (p. 344) * . ■ " 

SMSG '(Sctiool Mathematifs Sttidyi.<5roup, 1965) escheft^d 6oth-"rule" 



.7 + 8"= -15'' 

1 



and "combining"; ^ ; '/ ' 

* »" • ■■' ■ 

• ."Addition and subtraction -Av^ twe-~Qperat irons o 



^'An operation on two numbers a tiery Yf^inking, about two numU^rs 
and jf^ettlng one and only one*,numberf, ^ VJhen we think aBo'ut 9;--^^d ^t 





1^, we sre adding- We write 9^+5 When we think ^bout 9^/5. ^nd 



^got U, we 'ai;e subtracting* We write 9 - 16 = 4/'^ (p* 72, italjfcs ^mine). 

Th^ most charitable thing that can ^be^ sa'1d a'tjout most of Ihe^preced- 
ing characterization^ vs that they are vaouou^r'^me a^)e in fact>ivlslead-f 



iog^ or even jerroneous when vieWed in the light of more advanced or sophisti 
cated interpretations, ' ' ' 



HOW are opemtions defined " ultimately; " i_.e. for secondary or post -: 
secondary students ? . ■ . 

FefeVman (1964) ^has indicated that "Jn a]gebra it is customary to use 
the wor'd operation nnstea6 of functiony but these have'exactly the Same 
meaning. " (p, 50) ' - , 

The essential features of a function have been characterized clearly 
by Allendo^rfer & Oakley {1963), for instance, who also identify iTas "a 
special case of ^eZation*' which in turn "is -a set of ordered pairs-*' (p, 
195, italics mine). Specifically: 

^'A function f a relationsni::) between two sets: (l) a set X called 
ttiO dornain of definition and (2) a set / called the rca^ge^^or set of Values^ 
which is defined by (3) ^ rule that assigns to each elem/nt of ^ a unique 
element of ^ ' ^ ' 

^'This definition may be, more compactly stated as follows: 

"A function f is a -set ^of pairs iic^y) where (Ij :t is an jelement 

of a sot '{2)'y is an element of a s*t afiS>^i no two pairs in / have'' 
the "same first elemept*" -^p- 189}' 

[Note that there is nothing in- th^s. definition that precludes the pos- 
sibility that Y = x,- for instance; or that X is itself a product set,] 

Because of things to follow in this paper, it will be-helpful to dis- 
tinggish as Hess (1974) -has done between various kinds or types of opera- 
tions: ■ ■ » ^ 

^ ^'An n-ary operatlon^on a set 4 is a function from A xM ^ ^ ' - x ;4 

; - * ' , 

(n factors) into ^ set A.''' (p. 281) 

And as lay (1966)' has indicated, ^ • , ^ 

"According to whether n = 1 , 2\ 3 ^ - - - , n the operation is said to 

Le unary, binary, ternary, * - , w-ary-" (p- 198) . ^ 

This paper will be concerned principally with unary and binary opera- 

tioq^'which have_been*characterized in the following ways by Fitzgerald, 



\ Dalton, Brunner & Zetterberg {1968), for instance, for* second-year aVgebra^ 
^tude%s:, ' 

"/i unary operation, defined on, a set x/ is the set of. ordered pairs 
. ukii^h is detemined by a mapping of each ei^ement of X to one cmd only one 
element of X. " (p, 70) 

. ^ "By definition, a binary operation defined on a set X is a 'mapping of 
each ordered pair (x^,jc^), which may be forrtied with the elements of set X, 
ro one and only one element a: "in the same set, A more concise way of 
stating, this is. to say: For all a:^ and Jt^ in X, each ordered pair ix^^^x^) 

i:^ nac^:)ed to a unique in X." (p» 76) 

I- ' ' ■ ' ■ 

A binary operation atso may be viewed as a mapping from, X x X into X^ 

J- r 

Where (j:^,a:^)'1s ir\ X ^ X and a:^ is in X. A binary operation., thep, is a 
set of 'ordered pairs, each of the form {{x^,x^),x^) ^ where the first com- 
ponent of each ordered pair is itself an ordered pair, (a: a: ), " 

Scandura (1971) has given an equivalent characterization in these words: 

'M binary operation is a set of ordered triples of e,lernents such thai 
there are no two triples such that the first tijo elements oj^e the same and 
the third one differe^t^ -In effect^ tHe first two elements of any triple 
specify a unique third element. ^ - . 

'^3ets o? ordered triples, of course, are nothing but ternary, relations , 
^:once, hinary operations may be defined^^as (certain) teimary relations^*^^ 
(PV. ^5) ■ ^ ^ ■ ■ 

Except" for Scandura/^, each definition xited thus far^for ^'binary, ooera- 
tion" makes it explicit tha^t a binary operation is^ a set of ordered pairs. 
Thurston's (195^) definition of (binary) operatiop^ however, does not 
equate an operation witfr'a set per s'e.: 

^'An operation can be formally defined as follows: it is a rule wherel)y 
to each ordered pair of elements of the set there corresponds a third ele- 
ment of the set/' (p, 13, italics mine). 



Birkhoff & MacLane (1965) also equate "operation" with "rule": 

''A binary operation '^o" on a set 2 of elements ' ^ - is a 

rul'^ ^hlcli assif^ns to each ordered pair of elements a and b from S a 
unK^uely defined third element o - a ^ b Iti the same set fi^-^' (P- 28) 

[Buck (1970] has cautioned that ''it is not a formal definition to 
^--/j^te 'function' [or "operation'*] with-Vul^' if the latter is left unde- 
fined^.'' (p. 253)- This is equally true when "operation" is equated with ^ 
"set of ordered pa^irs^" There 1s no need -in this paper, however, to carry ^ 

the preceding characterizations to the point of formal definitions/--al- 
though such would be necessary under certain other circumstances,] 

Finally, in connectiiDn with this consideration"*of "ultimate" charac- 
terization of operations, Armstrong (1970) has indicated that 

'■By a binary operation on a set S of objects, we m$^an a pt'ocess that 
enables us to produce a single object of the set S from any*pair of objects 
of. the set S that we might be given/' {p, 35, italics mine). 

The principal distinguishing feature among the pf^eceding charact^riza- 
tions is thai for some an operation i& a rule, {that generates a set of or-* 
dered pairs) whereas for others an operation is a^et of ordered pairs (in- 
volving assignmeats that might be made arbitrarily but more often are gen- 
erated in accord with a rule). In this ja per \ shall adhere to the latter^ 
characterization rather than the former/ as I turn now to the questions, 

What js. addition ! What js^ Subtraction ^ r ^ . 



"Addition" and "subtraction*' commonly are associatey^wi^^ numbers of 
one kind or another and often are identified ^ binary operations applied 
to such numbers-! More explicitly; 

Given a set S of numbers, addition as a binary operation 6ii 5 is a map- 
ping: it is the set of all correspondences ((a,i),<3) for which each (a,fe) 



in 5 X 5 Tias a unique image c \r\ S such' that c? = a + i. 
And: ^ ^ 



\ 

cTven a set of numbers, .mltriiotion as a binary operation on 5 is a 
mapping: it, is'^the set of all correspondences [[ayb)yc) for whicjj each [a^h] 
in --^s has a unique image a in S such that c = a - b. 

We're still somewhat unenlightened about addition and subtraction as 
binary operations, however. For instance: Addition may qualify as an opera- 
tion on soTne set of numb^s but not on another... The same irfay be true for 
Subtraction, And what is the(?) assignment rule for addition? for^^btrac- 
tion? The tiature of such would seem to have a bearing upon whether addition, 
or Subtraction* qualifies as an operation. 

In this paper interest centers upon both the set of natural or count' 
In:: numbers* ,V = {1, 2, 3. 4, 5. 6. 7, 8, 9. 10, 11. 12> 13. * ' and the 
set of whole numbers* w = {0> 1> 2> 3, 4, 5, 6> 7, 8, 9> 10, 11> 12, ' ' ^ 
^or these sets the following may be used: 

An assignment rule for addition of natural or whole numbers: 

Select sets a and B such that = n{A) = a and n{B) = b. 

Then c = r\{A \J B) = a + fc^ where A\jB-{x\xzAorxzB}. 

An assignments rule far subtraction of natural or whole numbers: 

Select sets A and B such that ^C^^^ n{A) = a and n(B) = b. 
Then c = nU\5) = a - where A\B - {x \ x z A hn6 x i B] - A\ 

Strictly speaking, then; additicK ,15 a binary operation on jV and also 
on W\ c-ubtraction is not a binary operation on either N or w. Tables 1, 2y 
3 and 4 may help in further consideration of this fact. 



Insert Tables 1> 2, 3, 4 about here 



1 



. TABLE 1 

Domain of Def^inition for "Natural-number Addition'* 

f 



N. 



X 


t 1 


2^ 


3 , 


4 ■ 


5 


6 


7 . 




1 


(M) 




(1,3) 


(1,4) 


(1,5) 


(i,6) 


(1,7) 




. 2 


(2,1) 


(2,2) 


(2,3) 


(2,4) ■ 


(2,5) ^ 


(2,6) 


(2,7) 




3 


(3,1) 


(3,2) 


(3,3) 


(3,4) 


(3,5) 


(3,6) 


(3,7) 




4 


(4,1) 

' 


(4,2) 


(4,3) 


(4,4) 


(4,5) 


(4,6). 


(4,7) 




5 


(5,1) 


(5,2) 


(5,3) 


(5,4) 


(5,5) 


(5,6) 


(5,7).. 




6 




(6,2) 


(6,3) 


(6,4) 


. (6,5) 


(6;6) 


, (6^) 




7 


\(-7,l) 


(7,2) 


(7,3) 


(7,4) 


(7,5) 


(7,6) - 


■(7,7) 














— tsr— 




^^^^^^ 4 





Note, --The pattern of^the table continues without end. 



TABLE 2 

Domain of Definition for "Whole-number Addition" 



w 



X 


. 0 


" 1 


2 


3' 


4 


5 


6 




d 


(0,0) 


(0,1) 


(0,2) ' 


(0,3) 

* 


f0,4) 


(0,5) 


(0,6) . 




1 


.(1,0) 


(1,1) 


(1,2) 


Ki,3) 


(1,4) 


(1,5)- 


(1,6) 




2 


(2,0) 


(2,1) 


.(2,2) . 


(2,3) 


(2,4). 


(2,5). 


'(2,6) 




3- 


(3,0) 


(3,1) 


(3,2) 


(3,3) 


(3,4) ^ 


(3,5) 


(3,6) 




4 


(4,0) 


(4,1) 


(4,2) 


(4,3) 


(4,4) 


(4,5) 


(4,6) 




5^ 


(5,0) 


(5,1) • 


(5,2) 


(5,3) 


^ (5,4) 


(5,5) 


(5,6) 




6 . 


(6,0) 


(6,1) 


(6,2) 


(6,3) 


(6,4) 


(6,5) 


(6,6) 























Note. --The pattern of the table continues without end. 



TABLE 3 

Domain of Definition for "Natural -.number Subtraction" 

t 





N I 


1 


2 


3 


4 


5 


6 


7 






1 • 


















2 


(2,1} 
















, 3 


■ (3,1)' 


(3,2) 














4 


(4,1) 


.(4,2) 


'(4,3)" 






it 


. * 




- 

5 


"(5,1) 




(5;2) 


'(5,3) 


V(&,4) 










■ 6 


(6,1) 


(6,2) 


(6,-3) 


(6,4) 


(6,5) . 








7 




(7,2) 


(7,3) 


(7,4y 


,(7,5) 


. (7,6) 

























Note. "-The pattern of the table continues without end- 



/ 



TABLE 4 

Domain of Definition for "Whole-number Subtraction" 




Note. --The pattern of the table continues without end. 



Every member of M'xN (Table l) has an image in ^, under addition^ and 
every nember of f/xi; {Table 2) has an image in W under addition. 

Some but not all members of /V x /V (Table 3) have images in M under sub- 
traction y and some but not all members of^ w^W (Table 4) have images in w 
under ciJ.traction. 

' In this paper I shall take a slight(?} liberty with mathematical cor- 
rectness or preciseness and refer to both addition ^nd subtraction as binary 
operationsy recognizing that when applied to natural or whole numbers the 
domain of definition is different for the two operations. 

It also is imDortant to recall .that in this Daoer the distinguishing 
characteristic of an operation Is to be found in a mapping^*- a set of cor- 
respondences^*-rather than in a rule. It is possible that a particular 
set of correspondences may be generated by markedly different rules;^and in 
such instances we are not dealing with different operations>--but with one 
and the same operation. 

For instance: 

Previously in this paper natural -number addition was associated with'a 
*'union*of-disjoint-sets" assignment rul^* The same operatfon> — the same set 
o*f^ assigTiments^--can be derived from "concatenated segments", assignment 
rule, for instance: 

Select distinct collinear points X^' Z such that Y is between X and 2^ 
m(XY) ay and m(T2) = fc. Then m(^) = c - a + 6. i 

Regardless of the assignment rule associated ^with natural-number addi- 
tion, natural -nuipber subtraction can be characterized directly in terms of 
the addition operation rather than in terns of a "set difference" assignment 
rule (as was done previously in this paper) or whatever; 

a - b = c means that there exists a natural nUmber c such that 
c + fc = a or 6+c*a- (Thanks 'to the coimiutativity of addition,) 
Whole-number, subtraction and addition are related in a similar way, of course- 



f 

A trivial distinction ? 

If you were to examine mathematical texts at a "teachers level,'* for 

instance, you would observe the following: 
♦ 

Some texts establ ish, in^ effect, that 

(1) a,-&=n,^n+i3 = a or a^n+i ' y 
as the basic or primary way of defining subtraction' in terms of addition, ' 
and may or may not also make explicit that 

(2) a-&*-n-^ b ^ n - a or 'a='i3+n. 

Other texts, in effect, state the definirjg condition in terms of (2), 
and may ok may not make an explicit statement of (1), 

In fact-, .as I have identified in Appendix A, eight of 25 texts take 
the former position; 17^ the latter. 

This may be a trivial distinction at oii:e level of mathematical compre-^ 
hens.ion;v but, as I shall explain later in this paper, it'may be n<:>wtrivial 
for young children 1n their development of ideas addition and sub- 

traction, / ' * ' 

At present, however, I turn next to- a different conceptual matter,. 

V 

■ ^ • ^' The Ambiguity of -"a 7 = g" 

Let a, ij-dnd a be merflbers of a set 5 o^umbers such that- 

. a V i? = \ ■ ^ 

where '*V** ("wedge") sigr^fies a binary operation (e.g,, ^ or -) that e^ssigns 
to tha pair £z in 5 and i in 5,--i,e,, ^to the ordered pair {ja^b) in 5x5,-- a 
unique ima^e a in 

It is unfortunate (in my judgment) that only rarely (e,g.. Lay, 1966) 
do texts on relatively elementary mathematical content present and discuss 
at length any 'alternative(s) to the \srece6\x\^- binax^y-opemtion interpreta- 
tion of sentences of the form *'a b - a/' But there is at least one, and 
(depending on the nature of 7} possibly two, other ^nterpretation(s} of 



the same ".3 V h - c": 

(1) The vast- or* H.fnt- operaltor' "V in 5) signifies'a wa^^ opera- 
tion that assigns to operand a in a unique imagf^ c in s. {There are times 
in this paper when I make that interpretation explicit by writing a sentence 
in the form 'a VJ? - c/') 

And possibly 

(2) The pre- or Zc>/t-o£erato^ '*a V*' (a in S) signifies a unary opera- 
tion that assigns to operand & in 5 a unique image a in 5- (There are times 
in this paper v/hen I make that interpretation explicit by writing a sentence 
in the form '^a_V b ^ c/') 

These three different interpretations of "a V a'^ involve three dif- 
ferent operations and may be portrayed (to advantage, I believe) by pictur- 
ing function or operation *'machines^* as in Figure 1. 



Insert Figure 1 about heVe 



Notice that LI and 1,2 are but slightly(?) different ways of picturing the 
ordered-pair input to which the binary operation 7 is applied^. But 1*3 and 
L4 depict operations that are different from each other as well as from V, 
although the same image is generated in each instance. 

Figure 2 pictures the ambiguity of interpretation of "a + = ^nd 
interpretations of "7 + 2 = 9'^ in particular, for instance, are pictured in 
Figure 3, ' ' ' 



Insert Figures 2 and 3 about here 



In Figure 2 and '*+ and *'a +*' signify three different operations, just 
as do "V\and 2'* and "7 in Figure 3, 

1 1 ^^ ^ 



Biaary 



a D 

-0 



7'\ 

aV b 
or c ' 




Figure 1 , 1 

\ 



'Figure 1,2 



Unary 



Post operator 



Pre operator 





Figure 1 .3 



Figure L4 



Figure i." Function- or operation-macliine interpretations of <i ^ i 



16 - ' ^ 

V Binary 



■A LA L 



O 



or c 




or 'c? 



Figure 2 . l 



Figure 2,2 



Post operator 



Unary 



pre operator 





Figtire 2/3 



Figure 2 .4 



ERJC 



Figure 2, Function- or operatio'n-macffine interpretations of a 




7 r 

7 + 2 
or 5 ■ 



Figure 3..1 




■or 5 



/ 



Figure\3/2 



/. 



Unary 



PosT operator 




Pre operiitor 




Figure 3.3 



Figure 3 .4 



Figure 3, ^ Tunction- or operation-machine- interpretations of 7 + 5 



. Figures 4 and 5 emphasize that more restricted interpretations itiust be 
ptaced upon ''a - ' c' and, for instance, upon '7 - 2 ''6'^ than^ was ^true 
for + ' c" (Figure 2) and, for*instarJce> for '7 +.2 =^5" (figure 3}-'" 

_ _ J - _ ^ ^ 



Insert Figures 4 and 5 about here.^^S^' 



In Figure 4> the unary-operator sentence *'a - -b- = e" a^ociated with 
4.3 is compatible with the binary interpretatioi^ of ''a-h = c'' associated 
with/4.1 and 4.2. Ho^Vever, the unary-operator phrase o^r expression "g - h'' 
^^sociated with^ 4.4 conveys a different meaning that is wcompatible'with 
the prece(34,ng interpretations/ ^ ' - , 

Hore particularly in Figure 5, the uhary-operator senter^be' *7 -t2_ = 5^' ' 

associated ^vith,5.3 is compatible wjth the binary interi^retation of 

V --2 = 5" associated witti 5.1 and 5-2-. Hpwever/ttie jjndry-tp^Mto 

'pression or phrase ^'7 - 2" conveys a different me^in^ tfrat"^s>{ncompat^ible 
. ■ -'-^^ ;■ - , * 

^with the pre^ceding interpretations of Figures 5- ^ v v 

. Table 5 surnmar-izes the principal dtffev^nces.or ambiguWes^invoTyed 

in the rnterpretations conveyed by^flgures 2» S> 4 ?tnd 5; anti \lso uses an 

-"arrow notation*'- as an alternative unambiguous form of symbol izatjon. 



^ • Insert Table 5 about here "^t/^^r - ^ 
\r ^ ^ ^ ^ ■ ' , ^ 

It is imperati^eon connection' wi th Tabled {any with'f;igures^2; 3,^4 and*^ 
that symbols such as and and *'+ 2" and "-\2'.' be interpreted as 

unary opf^mtors^ and fj_OT as "signed" or "direc^^d" numbersj 'which are. very 

\ ' ' '-t ' - ' , 

markedly different things conceptually»--as Uy (1966). has emphdsized»r"Or 

' ' . ' ^ >' ■ 

as directed segments or vectors. v . - . 




Figure 4- Function- or operation-machine interpretations of a'^b = c 
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^ TABLE 5 

Binary and Umry Interpretations of a b = o and a - b ' a 
(Fqr Instance, of 7 + 2 = .? and 7-^2 ^5) 



Biliary interpretation 


_ — „ ■ .1 J.I ■-■ ■ ■ M 

Unary interpretation 


Right- or post-operator 
interpretation 


Left- or pre-operator 
interpretation 


Input 


Operator 


■^u tput 


Inout 


> 

Operator 


- Output" 


Input 


Operator 


Output 


a and b 
or 
(a,b) 


f 


a + i 
or c 




+ b 


a + i 

or a 


h 


a + 


a + fc 
Or 0 




a ' b 
or 'a 


a 


- b 


a ' h 
or 0 






' ■ For instance: 


7 and 2 
or 
(.7,2) 




7 _+ 'Z ' 




+ 2 


or 9 




7 + 


7 + 2 

or 9 




or ' 5 


7 


■- 2 


7 ' 2 
. or 5 


2'„ 




4 



Alternative, notation ^ 



^ ia^h) — ^ — c 


a -V^ — c 


. ^ , a + ^ 
* — ' b \ *^ Q 


(a,i) — ; ^ c 


' ' — 

a ' — ^ 




\ For irvstance: ' , . 


(7,2) 1 ^ 9 






• {7,2) — ^ ^ 5 

J 







Nofe. Unary ^i>p^rati>rs are symbols that-nam<? particular 
unary operations or classes of unary operations. 
Binary operators are symbols thai name particular binary operations. 



Henceforth in this paper I shall dispepse .with left- or pr^t^-operators 
to signify unariy operations and-shall adhere to the more coimionly used 
, -^\vr- or r^x^^-operator interpretation. ^ 

Qther " operational " distinctions are^ to be made? \ . . 
There are several . ' . - ' 

1- An operation has been characterized as a mappingj--as a set of as- 
Siqnment^,— defined for a specified domain. Therefore, as evidenced from 
Tables 6 and 7* the binary operation of /zatumZ-number addition is not the 
same operation as the binary operation, of ijhote~mrs\ber addition. Also» as 
evidenced from Tables 8 and 9, the binary operation of m^^raJ-number sub- 
traction is Ko'i the same -operation ^as the binary operation of h}kr}lp~r]mber 
Subtraction. 



Insert Tables 6, 7, 8 and 9 about here 



Furthermore, the properties associated with natural- apd u/ioZ^-number 
addition are not- idelitical , nor^are the properties associated viith natural- 
and uhole-nmber subtraction. 

There simply is no such thing as THE addition 0|jeration,.or THE sub- 
traction operation. < 

2. Tables such as 10 and 11 are conceptually rather than "cosmetically 
different from Tables 7 and 9, respectively,— each of which is a set of as- 
signments defining one binary operation. But each of Tables lO and 11 con- 
sists of a multiplicity of sets of assignments defining a multiplicity ^of 
unary operations. 



Insert Tables 10 and 11 about, here 
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TABLE 11 

Some Unary Operations Associated with a - h = a 




In Table 10^ for Instance, the assignments whose images are In the 
column headed "+ 0" define one operation; the assignments whose Images are 
In the column headed "+ 1" define a different operation; the'assignments 
whose images are in the column headed "+ 2" define another different opera- 
tlon; etc, ad infinitum. 

Similarly in Table 11, the assignments whose images are in the columns 
headed 0/' "- 1/' 2/* etc*, ad Infinitum, define different operations, 
no two of which are the same, 

3- A further nontrjvial difference between certain binary and unary 
operations may be seen in connection with conmutatlvity. 

It is well known that natural- or whole-number addition Is oorrmitative: 
i,e,, for every natural or whole number a and fo^ every natural or whole 
number b it is true that 

a + i = fe + £1 

which permits us to write equivalent sentences such as those In Figure 5* 



Insert Figure 6*^bout here 



Within the natural- or whole-number domain It also is valid to assert 

that 

which on the surface looks like "conmutatlvity" but isn't* Except for the 
special case In whicK a ' the ofJerators a" signify different 

operations; thus, this "pseudocofnnutatlvlty*' Is a valid property but not 
about an operation. Figure 7, therefore, is markedly different conceptually 
from Figure 6* 



Insert Figure 7 about here 

- - - r - - - 
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Q {a,h) ^ 



CZD 



Figure 6,1, a + b= c ^ b + a = e 



( "" ) 











+ - 

























Figure.6.2. 7 + 2 = 9 



2 + 7-9 



C_D 



Figure 6. Seme equivalent sentences 'that>are based ^upon tfie con^utativity 
of naturalr or whoje-number additiort. 



/ 



o - 



o 
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Figure 7,1. a +_b = ^ i = c 



CD 



+ 2 



CD 



/CD 



Figure 7.2. ? +_2 = 5 2 ? '= 9 



+ 7 



CD 



Figure 7, Sone equivalent sentences that are based upon a "psendoccwranuta- 
tive" property of certain natural- or whole-number unary opera- 
tions, {Note that the operators "+ a'' and "+ b" signify classes 
of unary operatjons^ whereas the operators "+ 2" and "+ 7'K^sig- 
signify particular unary operations.) r 




V 



Just as *'binary subtraction" is wncommutative, so "unary subtraction", 
is wnpseudocommutative- ' . 

Within the natural -number domain, where a arnd b are "^riatural numbers, 

a ' b f b ' a. 

This is equally true wjthfn the i^?2£?Ze-number domain except ^or those whole, 
numbers a and b such that a = - ^ 

Again, where a and b ^re. natural numbers, ' ' ^ 

a b t b - a . 

This is equally true for all distinct whole numbers a and^6/ \ ^ 

In connection with unary operations, howewr, there is a significant 
property in which unary addition and subtraction operators are commtative. 
This is illustrated in T^ble 12. 



insert Table 12 about here 



4. It is coftnionplace to assert, erpo^i^^Zy, that binary addition-and 
subtraction are ''inverse operations.*' It will be clear from Figures '8 and 
9 why such an. assertion is untrue. ' ' ^ 



Ins^t Figures 8 and 9 about here .\ 

In no way does Figure 8,1 imply 8, 2, ''or Figure 8^3 inply 8.^, or Fig- 
ure 9,1 imply 9.2, or Figure 9.3 imply '9.4. Figures B.4,.^;2 an'd .9.4 
are, in fact, nonsensical- A binary operation f- or + in these instances) 
is not a mapping from a single number to an ordered "penr of numbers, as 
each of the questionable figures suggests* which is "backwards" from' the 
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. TABLE 12 
Commutativity of Certain Unary Operators 



/ 



1 


X 


-t- g 




= X 


f b 




i.e.. 


ix 


La) 






1±> 


+ g 






























. 2* 


X 


t g 


- b 


= X 


b 




i.e.. 


ix 


t g) 


- b = 


(a: 


^) 




3* 

i 
} 


X 


- g 


tA 


= X 






-i.e.. 


ix 


- g) 


t = 


(a: 


+ 


- g 


1 

; 4* 


X 


- a 


' b 


= X 


- b 


- g; 


i.e. , 


(x 




- i = 


Cx 


- b) 


- a 



I 



* The stated property is valid for each prop&r (Lay, 1^66) O0err 
and; i.e., e^ch operand for which a particular unary operation 
(or class of unary operations) is defined. 



For instance 



5+2 + 6' = 5 + ^ + 2; i.e., (5 + 2) + ^ - (5 -f 6)'^'2 



9-^2-6-9-6^2; i.e., (512)"^ = (5-5) + 2 



3"^ 5-2+^ = 5 + 5^2; i.e., (5- - 2) +^ ^ = (5-+ 6) - 2 



^ 1^ ^ ^ » - 2 ) - 6 = (5 - 6) - 2 
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Figure 9-1 



Figure 9.2 





Figure 9.3 



Figure' 9.4 



'Figure 9. Binary addition is not the inverse of binary subtraction. 



ERLC 



correct jnterpretatiort of binary operations suggested by Figures'8.1, 8.3,. 
9.1 and 3^ 

However, there are infinitely many pairs of unary operations that ax^_^ 
inverses of each other, exhibiting for proper operands the relationships in- 
herent in Figure 10, --which become more particujarized in Figures 11 and 12. 



Insert Figures 10, 11 and 12 about here 



The' relationships "tioverning Figures 10, 11 and l2 are those that pev- 
mit us to make' assertions such^as the followirfg within ^nl natural- and 
whole-number domains (takfng cognizance -of proper operands when necessary): 

1- a V_fc = a 
Z, 'a h b v 'b - a 
3* a f_ b - b 'a ^ 

6. ? 

(It is so tempttng to use the preceding statements j^^ Aff^xcuse to get 
.into the oomposition of unary operators,- starting with something like Fig^ 
ures 13 4nd 14-». but I shall resist the urge to go any further with that.O 

_ / 

Insert Figures 13 and 14 about here 



5, Within the domain of natural or whole numbers, consider assignments 



or correspondences of the forms 



+ 



^ iayb) ► c and (a,fe) — ^ c , 




Figure 10.1 




V 



Figure 10.2 



A b 



(ZD 



Figure 10*3 



CD 



7 b 



Figure" 10.4 
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For proper operands, pa-irs of unary operations that ar^ related 
to each other as Illustrated by 10.1 and 10.2 and by l|o.3 and " 
10.4 are inveraes of each otheii'. ' . 

■i: . 
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Figure 11.1 




Figure 11.2 
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CD 



Figure 11.3 







+ b 








Figure 11,4 



Figure 11- Unary operations associated with the operators *'+ b*' and i" 
are inverses of each other. 

* It is assumed that a is a proper operand. ■ 
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Figure 12.1 



"-figure 12.2 





Figure 12.3 



Figuca^2.4 



Figure 12. An illustration of the unary operations associated with the 
operators "+ 2" and "- 2" as inverses of each other. 
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+ a 



+ b 



CD 



V 







+ [a + fc) 











+ 


3 






+ 8 



+ (3 + 5) 



■^1 



Figtire 13- Compositions of unary addition operators 
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- I 
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- (5 
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Figure 14, Compositions of unary subtraction operators 
* a: is ^sumed to be a pr*oper operand. 
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In the case of any binary addition assignment, it is pointless to even 
raise the question of whether "adding*' makes more; and in the case of any 
binary subtraction assignment, it is pointless to raise the question of 
whether '^subtracting'* makes less. 

In neither case is there a basis for comparing the magnitude of c\ a 
single number^ with that of^the ordered pair {uyb). In no case can it be 
asserted that e > (a,h) or that a - ia.b) or that c < (a,b). In each in- 
stance the relational expression is senseless. 

The situation is s^ewhat different, however? for unary operations. 

First consider mappings of the form 

+ b ^ 
a * a. 

WUhin the natural-number 'domain, for every i)i--i,e,, for every unary opera- 
tion>-*it is true for every a that a > a. Within that domain, then, the 
process of ''adding b^* always "makes more.'* The same is true for the whole- 
number domain except when i? = 0, 

fJow consider mappings of the fom ^ ^ 

a — ^ a. 

Within the natural-numb^ domain, for every i,— i*e,, for every unary opera- 
tion, --it is true for every proper operand a that a < a. Within that domain, 
then, the process of '^subtracting i" always "makes less*" The same is true^ 
for the whole-number domain except when h - 0. 

These '*change of state" interpretations associated with unary opera- 
tors of the forms "+ i" and will receive more extended consideration 

in Part II of this Paper, 



J 



In Conclusion 

In Part I of t^is paper I have emphasized an ambiguity of interpreta- 
tion of number sentences of the fomis a b - a and a - i> = c within the do- 
mains of natural and whole numbers. Particular attention has been given to 
the relatively neglecfted unary-operator interpretation of such sentences as 
contrasted with more familiar binary interpretations. 

I believe that^ 1n the main^ my consideration has been consistent with 
Nesher's (1972) view of this ambiguity In her significant analysis of *'What 
does it mean to teach '2 + 3 = 5'?^' Admittedly^ she prefers to characterize 
a binary operation as an i^ssignment rule (p. 75} rather than as a set of ^as~ 
r.:jrj7icnt} (which I prefer for reasons identified in an early section of Part 
I), But as Nesher has indicated; 

"To summarizG^ in analyzing th^ phrase *2 + 3' which is a complex name^ 
two main interpretations cir*^ found; 

"(1) Plus as a binary ooerator; 

r(a,b) wh^^re F is * +\ a " ? and b = 3- 

"(2) Plus as. a component of a functor: 

r{'i). whor^ r i^ 3' and = 7,''^ 

''Thf^ Ici^t two intf^rpr^^f ition^ in'^ror.Ard to tho op^^ration sign and its 
3^n3f riro not contradictory, and in tact^ 3ince they ^rc a function of one 
or tuo ar,7Lirnrnt: ^ U i:: mor^^ a mattt^r of formulating tho function than mak- 
lUp, Will ilistinct ion." (p- 76) 

True,--certainly at cmr level of ma thematicar perception. But I leave 
as rhetorical for the present the question of whether a "real distinction'* 
exists in the thinking of children, particularly during their embryonic 
staged?) of mathematical conceptual development. 
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[however* U does not seem unreasonable to believe that at least some 
of the contrasts summarized below betv/een binary and unary interpretations 
of nunber operations are of consequence in relation to children's thinking. 

Binary Unary 

1, How many operators, --and therefore TWo: Infinitely 

how many operations, --are inv'olved? . ': + and - many ^ 

1. To how many numbers is any particu- Two (oj^dered One * 

lar operator applied? P^ir) 

3. How many numbers result when a par- 
ticular operator is applied to a One *One 
particular number {or pair)? 

4. Within the domains of definition, 

for every operator does there exist No Yes 

a unique inverse operator? 

5. From the standpoint of operations 
as mappings or sets of correspond- 
ences, can the magnitude of every No Yes 
image be compared with the magni- 
tude of its pre- Image? 

And when we*^also take into account binary-unary contrasts pertaining to 
the ccKimutativity concept, we increase the likelihood of dealing with dis- 
tinctions that are nontrivial in connection with the development of chil- 
dren's thinking about number operations^— in particular, about ^'addition" 
and "subtraction." 



Rosnick & Ford (In press), indicate that \/e must understand something 
abojt raathematics as the mathematician views it" (p. 4 rff typescript). One 
mathematiae educator's interpretation of that view as presented in Part I of 
this paper has focused upon mathematical (as contrasted with Piagetian) con- 
ceptualizations of operatione and some Qf their properties. 
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PART II 

Some Research Considerations 
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I have been impressed for some time by the markedly different poi-n^s of 

view expressed below, which would spawn markedly different approaches to the 
d^elopment of mathematical skills and ab'ilities among y^oung children. 




"The objective for mathematics instruction in th'e elementary grades 
is familiarity with the [properties/structure of the] real number system 
and the main ideas of geometry** {p, 31), using the real-ny^ber line from 
the outset in grades K-2, with attentidVi also given at that level to *'Sym- 
metry and other transformations leaving geometrical figures invariant'* (p, 
33) with "possibly the explicit recognition of the group property" therein 
(p. 34). 




"I now think that it is fallacy of mathematics curriculum development- 
for young children that logical organisation of the subject determines its 
pedagogical, organisation. When a child learns mathematics via firsthand 
experiences with real things, the reality of the context provides him with 
all he may need at that time to make sense Qut of what he is learning, ^ 
, . . I believe that children need a protracted period in which to work * , 
with real things and discover mathematical facts. For some children, these 
may be isolated facts; for others, the facts may^point to generalisations. 

"There does come a time when a child should bring generali^irtions to- 
gether and see that they are linkec* in logical structures, H is diffi- 
cult to determine when this should happen, I am convinced from my own ob- 
servation and from what I know of psychological findings that, although 
the appropriate time will differ from child to child, we should not beg-in 
a serious search for children who are ready for structural organisation of 
generalisations until they have had four to five years of elementary edu- 
cation behind them, (The fact that one has heard of a mathematician's' 
nephew who could cope wittf these- abstractions when he was seven years old 
Is not a sign that one should build a curriculum designed to bring all 
seven-year- o\ds to this level,)" (p, 28) 



Position ^Tj) was excerpted from the "off^ciaV^ report of the well 
known Cambridge Conference on School Mathematics (1963). Position ^Jy) 
was expressed by the late Max Beberman (1971), erstwhile Director of the 
University of Illinois Conimittee on School Mathematics (UICSM), Max's as- . 
sertions represent a. distinct shift from an earlier point of view> andJie 
might have been inclined to express the same feeling*that Snoopy did in / ^ 
1979 {see page 48 of this manuscript)^ 

A preponderance of the thebretic^l frameworks and the resear'ch ihat . 
are of concern to us in this seminar suggest to me a tenor-of-the-times 
.that is much more in tune with the Beberman position than wifh that of the 
Cambridge Conference on School Mathematics/ And that' is very good, I be- 
lieve. 

Some years ago RappapQrt (1962) cautioned that "Too much Gonqern must 
not be centered upon mathematics as a logical subject with too little em- 
pMsis on the child as a learner*' {p, o9). Several years 1 ater ^Rappaport 
(1967) took me to task 'tor one of niy articles (prompted in Urge measure by 
another one of his!) in which he contended that ^'Weaver gives first priority 
to logic over and against psychology" (p. 682), somewhat gratuitously adding 
"although he may not have intended to do so" (p. 682). - And/just to be cer- 
tain that I was sufficiently admonished, toward the conclusion of the same 
paper Rappaport reiterated that "Weaver emphasizes logic St the expense of 
psychology*' (p. 684). ^ " - . 

Just to set the record straight: If there were any basis in fact for 
Rappaport's 1967 -contention, thert tbday I *too must say: ^How embarrassing. 
I vac barking up the wrong tree! - - - 

(tou may doubt this after observing.' a certain degree of fussiness in 
connection with some of my considerations in Part I of this paper, in any 
event, I hope that I emphasize nefther at the expense of the other.) 
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Delimiting an. Area for Further Investigation 



I am delighted when I read Ginsburg 's (1979) conviction that 

'M criAoial a'^pp.ct of learning mathej^atics is teaming to perceive^ 
Ohiiaren n*-rd to lorim nor onlv how to execute calcuiationf^. They mu^jt 
lf*rHrn to fice how numbers hehav<^, and to detect undf^rlying patterns and 
r^t;ularitief." (p. 168), 

although I wish we had reached a point where it would no longer be^ 
necessary to add that ' 

"This a<;poct of matheniat ics educat ion--accurate perception^-does^not 
roc^ivo .sufficient attention" (Ginsburg, 1979, p, 168), If ' 

y^emiing and understanding^ have ngt always been welcome or considered 
necessary or even desirable in the mathematical education of students, -*par* 
ticularly young children. It was my privilege to have worked c) osely at one 
time or anotli|r with persons such as B, R, Buckingham and W. A, Brownell 
whose work pioneered an emphasis upon meaning and understanding in elementary 
mathematics many years ago (Buckingham, 1938i Brownell,. 1935^ 1937, 1945. 
1947). • 

It was Brownell (1935) who was the "architect" of that which he termed 
the "meaning theory" of arithmetic instructioa, indicating that 

%iys theory makes meaning^ the fact that children shall see sense in 
what they learn; the central issue in arithmetic instruction. 

"Tlio 'moaning' theory conceives of arithmetic as a closely knit s/stem' 
understandable ideas, principles, and processes. According to this the-^ 
ory. the tf?f>i of l^^arning is not mere mechanical facility in 'figuring.' -The 
true test is an intelligent grasp upon number relations and the ability to 
f^oal with arithmetical situations with proper comprehension of their matbe- ^ 
matical as well as their practical significance (p,>l9 , -ii tal ics mine)/' 

My major professor, although not in the field of, mathematics education. 



contended more generally.,that . ' ' 

"Thf? att'ainmeTit of rich meaning and c6mprehension and understanding is 
UsioU ont? of th9 major goals of ooucation^ It is not merely a means to more 
fundamontai pedagoj.Tical goals, 

'*A rich storf? of meaninj?,s, of comprehensive understandings, and of 
fjnctlonin/T insights is one of the gr^^atest gifts that the school can be- 
Gtow on the student (Stephei(s, 1951, P- 386)/' 

But even today there are those who do not" give things such as meaning 
and understanding central roles in mathematical learning, --persons who with 
respect to mathematical learning take a 'position seemingly akin to that of 
Buoelski >f'1964) with respect to learning in general: 
y/ ''Lr^arning p^;ychologists do not di^^cuss understanding because they have 
no way of discriminating between understanding and misunderstan<i':ing- They v 
riro. concernf^d only with with flight and vrrong answers- * * _ In brief, rais** ^ 
und^^rstandiRg and understanding can occur with exactly the same feeling of ^ 
.i:i";\jrance or knowledge- If the teacher asks a student if he has *the idea,"' , 
tno ::tudont can say *yes' in either c^se. . - . *A difference that makes 
no diffor<;nce^ is no' difference - * In thi^sense, there is no difference be- * - 
tweon understanding and misunderstanding {p- 202).'* 

"Learning can take place whether or not a student ^understands-"* Under- 
;^tandlng does not contribute- anything but a feeling^of satisfaction that can 
bo enjoyed evon if the student *mi sunderstands ' {p-^204),*V 
^ - You now may be able to sense more dearly why 1 sajd ^^I^^^eTrr^eTighted 
when \ read Ginsburg's (1979) conviction. that . . anoW^y I also am de- 
lighted to encounter Greeno's (19771 consideration of 'Ilirtfprocess of under- 
standing,*' and to realize (among other instances I might cite) that one of 
the two principal sections of Resnick 4 Ford's (in press) forthcoming book 
deals substantially with ^Mathematics as conceptual understanding." 



\ 

And now, coming more to tfie point: 
^ What area being delimited for further investigation? 

I believe that today Henry Van Engen would say substantially that which 
he did 30 ^ears ago (Van Engen, 1949):. 

"The? wliole object of arithmetic Instruction clearly is to help the , 

V 

\ v\ .i''vi3o a j>y5tcri cf G/mboXs which, in some sense, is representative of 
a roaim of events . . . with which the child has had direct experj^ence." 
Th.-;; symbolized events, which "are predominantly concerned, on elementary 
ic-vels, with overt acts and images acquired as the result of experiences 
witn the manipulation of objects,'' ^^are the primary instruments of knowl- 
e<-e'^ (pp. 325-326], ^ 

Specifically my concern is with the '*syst^ of symbols" identified ift 
Table 13 (especially the c^left column) and with a particular operational 
interpretation,— a particular operational meaning, —associated with tfiat' ^ 
Symbol system as il used with natur^d or whole numbers ^ set N or set'y. 

- -- -- -- - 

Ip-^Tlable 13 about here • * 



■/ 

■ ■ Even more specifically, my concern is with a Uliary-operator change-of- 
state interpretation of the symbol sys^m as overviewed in Table. 14. 



Insert Table 14 about here 



* Before being more explicit about that which I believe is in need of 
further investigation, I w^ld like to identify some of the research re- 
search" reports and theoretical papers that relate in some way to young 
children and to tasks associated with number '^operations.'* Since a 
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TABLE 13 

Some Types of Simple Number Sentences 



Op-left sentence fonn 


Op-right sentence fonn 


Closed sentences 


1. a + b = a 


r . c = a + i 


2. a - fc = c 


2'. c = a - i> 


Open sentences , 


U a + i> = □ 


r. □ = a + 


2. a + □ = c 


; 

2'. -a + □ 


3- □ + i> = c 


r. c = □ + i) 


4. a - b = □ 


4'. □ = a - 


* I 1 

5. a - □ = c 


- 5'. c = a - □ • 


6. □ - i> = c 


6'. c = □ - fc" ' 



TABLE r4 

Unary-operator Change-of-state InterpretcK^ions for Open Number-sentence Types 



Conventiorral 
closed- sentence 
form 


Conventional 
open- sentence 
form* 


Condition 
(if any) 


Change-of-state situation 


Within 

N 


Within 


Initial 
state 




Final 
state 


A. a + i = c 


L a + i = n 








■ + i 


• n ; 


2< a + n = 


a < a 


^ a 4 0 


a 


7 n 


— r- 

/ 


3. n + i = c 


■ 

b < c 


b 4 c 


n 


•+ b 


1 

J 

C 


S. a ' b ^ c 


4. a - i = w 


a > b 


a > b 


a 


- i 


n 


5. a - n = c 


a > c 


^ a > a 


' . a 


7 n 


a 


6. n-*^ = 






n 


- i 


^ c 


i 

* Often n is used in place of n- ^ ' 

* 

is the set of natural, numbers; tY\f set of whole numbers. 



forthcoming publication from the Wisconsin R&D Center's Mathematics Work 
Group^ will include virtually all of my references among the many that are 
analyzed and synthesized, I will avoid durpl icatiorv of that effort by doing 
little'more that alluding to most sources here in Part II of this paper. 

Investigations with task stimuli that are exclusively symbolic ex - 
emplars o£ certain sentence types identified in Table 13 : 

' Reports of my own normative investigation of certajti ^as^^nd other 
variables potentially associated with pupil performance on exemplars of se- 
lected open-sentence types (Weaver, 1971, 1972, 1973; Note 1) showed a de- 
gree of differential perfo©nance with sentence types that suggested some 
conceptual Inadequacies, or whatever. A subsequent categorization of in- 
correct responses that was reported at a much later time (Weaver, Mote 2) 
identified certain kinds of errors as being more cormionplace than others; 
but in no way could there be inferred anything regarding pupils' interpre- 
tation of sentences in binary or unary terms, vor some (probably garbled) 
mixture of the two. 

It shoCild be noted that for the preceding investigation as well a^ 
for others to be identified, the principal domain f»*om which number- 
sentence exemplars have been drawn has been that which' we commonly call 
tlie "basic addition and subtraction facts." Also, the domain of subjects 
has been principallij that of the primary grades. - 

Findings from use of symbolic exemplars of number-sentence types as 
stimuli for an entirely different purpose (than Weaver's) have been re- 
ported by Groen ( 1967), Suppes & Groen (1967), Suppes, Hyman, & Jerrpan 
'(1967), Jerman (1970), Groen & Parkman (1972), Groen S Poll (1973), Roserv- 
thal (1974), Woods, Resnick, & Groen (1975); and by Svenson (1975), Sven- 
son & Brpqutit (1975), Svenson, Hedenborg, & Lingman (1976). In these in- 
vestigations linear regression, analyses hav6 been applied to performance 
data in the fomi of /^esponse, latencies in a^^^^atte^ to^ test (and subse- 



Jquently refine),'the validity of certain hjinjihanr^^-d algorithms, --chiefly 
counting models, --a^ procedures for solving exemplars of open-sentence types 

Alderman (1978) has reported findings from application of an alterna- 

• * 

tive "tree search" model to the solution of exemplars of "addition'' open 

sentences , ' ] ^ 

(It may be of significance to note that the "response laterity" investi- 
gations have been conducted virtually without exception by psychologists 
rather than mathematics educators,. This may have a bearing upon both the 
intent of sucti investigations and the Interpretation of findings therefrom, 
along^with implications and suggestions for further investigation,} 

At this time in thfs paper there is but one kind of question that I 
wish to raise in connection with the resport s e -lat e nc y — investi ga t io a sj — Li, 
there any relation between hypothesized performance algorithms or models and 
subjects' (experimenter-anticipated or actual) interpretation of stimuli in 
terms of ''operation^?^' If a binary conceptual ization were involved, would 
fhis suggest the testing of different, hypothesized algorithms or models than 
if a unary conceptualization were involved (and vice versa)? 

At is recognized, I am sure, that in research' reports, position papers, 
etc, not all persons use terms such ^s' addzHon^ subtraction^ operation^ 
and the like in the same way in which I characterized them in Part I of this 
paper. This should be. kept in mind when interpreting some of the material I 
shall identify iri the next section, where I. may refer to "addition," "sub- 
traction,'^ etc, in the sense that a particular investigator does rather than 
in a strict mathematical sense as a mapping or function. 

Other i nvestigations w it h exemplars of number-sentence types as prin - 
c|pa_l or significant stimul i : 

Groen, & Resnick (1977) reported two experiments on addition algorithm 
invention, with five children whose average CA was less th^n five years as- 



subjects in each experiment. 

Grouws's (1974) report of solutiofi methods used by children when solv- 
inq exemplars of certain open-senterice types gave no hipt of binary vs. unary 
conceptualizations of the operations involv^d\ 

Lindvall & Ibarra (Note 3) attributed variation and error in the way 
in which pupils read open-sentences to different interpretations of "+*' or 
"-" v-zhich appear to be associated with binary vs. unary conceptualizations, 
but were not discussed in such terms explicitly. 

Hamrick's (1979) report gave no particular jndiefftion of the concep- 
tual i2ation(s) of addition and subtraction for which written-symbol readi- 
ness was developed. 

Concern fo r^inary vs. -unary conceptualizations is implicit (but. never 

explicit that I could find) in reported work from the Project for the Mathe- 
matical Development of Children (PMDC) pertaining to the equality relation 
and closely allied material (Anderson, 1976; Barco, 1977; Behr, Erlwanger, 
& Nichols, Note 4; Campbell, 1976> 1978; Denmark & others, Note 5; Gerling, 
1977; Nichols, Note 6. 

Piagetian 'Veversibil ity'^ and its relation to pupil performance on 

"^open addition and subtraction senteriees was of principal interest in two 
investigatiorvs (Davidson, 1975; Wong, Note 7} and of fess'^ifiterest in an- 
other case (Woodward, 1977). In none of these instances was reversibility 
associated with a unary-operator rather than a binary-operator interpreta- 
tion of the number^^Si&atences involved. 

The "missing addend'* open-sentence types (in some instances including 

^related verbal problems also) were the particular concern of several in- 
vestigatiofTS; Howlett, 1973; Peck & Jencks, 1976; Gold, 1978, Note 8 
^nd m Case, 1978a, 1978b). In connection with none of these reports 
have I seen it made explicit that in relation to a unary-operator interpre- 
tation, these two forms of missing-addend sentences are conceptually quite 



different:- a + Q = e % 
and D + 6 = c. 

Other investigations , and theoretical papers : 

I'^Shall only list a number of references in which principal interest has 
been in (1) some aspect of "problem solving'' as it is associated with addi- 
tion or subtraction or (2) the development of addition or subtraction con- 
cepts per se,--in each instance* with task stimuli that are not^ chiefly sym- 
bolic exemplars of number-sentence tyfles. 

Carpenter, Hiebert, & Moser* Note 9, Note 10; Carpenter & Moser* Note 
U; Moser. Note 12; 

Ginsburg {whose cited references cover much more than the two things 
just identified) 1975,' 1976* 1977b; Allardice, 1977a» 1977b; Brush, 1972, 
1978; Brush & Ginsburg, Note 13; Hebbeler, 1977, 1978; Kennedy," 1977; Rus- 
sell, 1977; * \^ 

Greeno, 1979, in press; Heller & Greeno, Note 14; Heller, Note 15; 
Riley &" Greeno, Note ,16; (RiMey, Note 17; 
- Grunau, 1975, 1978; 

Kellerhouse, 1974; 

Lindvall & Ibarra/Note 18, Note 19; Ibarra & Lindvfill, Note 20; 
Nesher & Teubal, 1975; Nesher & Katriel, 1977, Note 21; 
Rosenthal & Resnick, 1974; 

Shores & Underhill, Note 22; Shores, Underhill, Silverman, S Reinauer, 
Note 23; Harvey, 1976;' 

Van Engen & Steffe, Note 24; Steffe, 1968, 1970, Note 25, Note 26> Le- ■ 
Blanc, Note 27; Steffe & Johnson, 1971, Note 28; Steffe, Richards, & von 
Glasersfeld, 1979; Steffe, Spikes, & Hirstein, Note 29; Hirstein, 1978. 

.Suffice it to say for th jis paper that many of the preceding references 
make distinctions thai could be associated with binary vs. unary interpreta- 



tions.of number operations, but in ng instance did I find that such a dis- 
tinction was made explicit. 

A con victi on. Binary and unary operations can and should be part of ti 
person's mathematical fund ^f^owledge^ with consideration given to each . 
during the courseof .systematic instruction within the school context. It is 
rare to find that done in a school mathematics program (e.g.^ Comprehensive 
School Mathematics Program {CSMP}. 1977, 1978) in the United States, where 
the "typical" program is rather Procrustean in its treatment of content from 
a binary-operation standpoint, to the virtual exclusion of unary operations, 
—an exclusion that I believe is a distinct ^u^advantage when interpreting 
and working with certain quantitative situations. 

But there are programs within the United Kingdom {e*g., Fletcher, 1970, 
197 ) which give' expl icit attention to unary as well as to binary opera'tions. 
And if I interpret correctly some of the Soviet work (e.g., Davydov, 1966/1975; 
Menchinskaya h Moro, 1965/1975}, unary operations (at least in essence) have 

L 

a central role to play in young students* mathematical-development programs. 

Change - o f -state Situations 
Dienes & Golding (1966) have stated that 

'*A Large part of math<3matic5L conr:istn of tho study of states and the 
:Uudy of o[)Qrcitorr, which induce ther.o states to chanr.j? into other states" 
(p. 35) 

Such change-of-state situations,— which by one name or another were of ^ 
interest in many of the references cited on the preceding page (57) of this 
manuscript, --seem to me to be particularly suited to interpretation in terms 
of unary operations £nd their ' properties , (rather than in terms of binary op- 
erations and properties}, if systematic intervention within the school set- 
ting is to be based upon the quantitative background that many(?)^ children ^ 



bnnq to that settin^j, ''unary addition*' and "unary subtraction'* concepts 
<ind within chanqe-of -state contexts very weM may be'preferred ^o bi- 

nary-interpreted situations for initiating instruction pertaining t© number 
operations, 

Some rejevant evidence? I believe that the work of Gelraan [1977, e,g,) 
and her associates has resulted in findinqs that give a good indication of 
the kind of preschoolers^ background to which I allude, I interpret the 
following extensive quotes from Gelman & Gallistel (1978) to be* in the seme^ 
,if not th|Xanguage, of unary operations applied to change of state {i.e.> 
state-operator- state} situations: 

^\\<yy^ tt^it 'Ur,^r- numtjf:r ^nd thosf^ that do nor alter numbor,*' (p. 169) 
'*The young childV^ numerical' reasoning 5^cheme , , , includes [two] v 
o ..-^r^it ions that allow the, child to deal with transformations that do alter 
r»jrnoro3ity. The first of these is addition. When young chi Idren ^confront an 
.:ri^^:^;/i^crf?.'l increa.^e in numeros^ty> they postulate the intervention of add!-- 
:ion ♦ . In other words, they stato that something must have been added'* 

(p.. 169). . . 

"In oMor to cKpl^in unexpected increases in numerosity^ the young 
'Ml \ av U\ w ^oy7^'^^ .yc^x (contfii runr, on^^ or more itomr^) naiv been added to 
^ .' oT I ^jt t\]y . "'^ {p,^169} " 

*' ia .1 .w. our^ . / f^xperlmentr^. "^Xv^a th^it children Vnow tht^ of^gcto o\ 
ri'ldirion^ th^'v aino j^rovid^: r>vidence that voung children use another nuirther- 
airorin;j oj.orar ipnr "riubtraot ion, " (p, '^^^^ 

*^Tiio '/ounp^ child r^n'^ards subtraction as the romovai of iterl?; from a 
... r-.--' (p. 172) - ^ - 

When ! Idr'^n ^ncountorpd ;rtr. whose numero^Ity wd^ r^ithor niopf- , ^ , 
t 

>r , V . th.?n the numerosity th^y expected" they ^'reliably indicated 

tr^'^ clir^f:tion of th^- d i^.cp<;^pency ^^nd th*?^i&oration that cau?i<^d the discro:.- 



Hiiu-y." Furthermore, *'ihi^ chiUro.n Vc^^'W i^ow m ^'ilnijnatr thr di^cT^^^pdncyr' 
. . . '*Wh'Ti contr'ontccJ wlt\i the <Jiscr4i[>.incy ugiwo^^h an actual num(^rojity', 
and an ^!>tp^cted numerosity^ ttt, they showed that they know that ^ could^ 
b^^ converted into n by either addition or subtraction- . . - ^^Tb*^ chil- 
:r^'u iiabiy applied the appropriato operation. When m vjac Ic-, rnja 
t:,,Ly cp^'^c if addition; when m was greater than they spocificd subtract 
rion- When the difference botwe^sn n arid ^ was equal to ono, tho children 
did more than apply the appropriate operation; they alr^o^specif ied the nuin- 
If^r ro ht' ^idfiod. or suhfrac ted . This .stateinent, as always., applies only 
w:if^^n rh*^ n;jm^ro^^ i ti*?:: of n and m aro ]>oth :;mall (less^thtm or f^qual to 
four ). A;, rli-i dif^'oroncc' bptwer^n n ana m iM^came r.recitor than one, tho 
children reliably indicated that the numbar to be added or subtractod was 
greater than one, but they became less precise about the exact value of 
that number/' (p. 173) * 

'^^^e hesitate to take ^these results as evidence for granting young' 
children a precise conceptkOf the inverse* Stilly much in^their behavior 
warrants the postulation of some principle of reversibility > that is, some 
principle that le^ds the child to recognize that addition is what undoes 
the effect of subtraction [fiirid vice versa ?3 and to attempt to alter the 
.irs'ays in a systematic fashion* What is the simplest principle that ex- 
plainr. this^ repair behavior? We think U is a principlp. of solvability^ o'v 
Th^'vou can ^et there from here' principle (pp- 175*176) 

"The rules that govern the child's numerical reasoning are influenced 
by what the child regards as belonging to the domain of mental entities that 
arf> to be reasonad^.about numerically* The mental entities to which the 
ild'^ numerical Reasoning principles apply are his reDresentations of 




^>ity- /Because his representations of numerosity derive from a count- 
lure, he hasi no numerical representations corresponding to zero 



"The younp^ child hn^ a Umitf.^i :;olvalAli ty princIpU^. iio b("liovc?^ 

mean; of the addition operation .and that a greater niimerosity may be made 
equivalt^nt to a Icr^r^or numorosity hy moans of the subtraction operation. 
Irui^^'-rh^^ in tbi^ hoi i^^T if; the t.eli';"^' that adait.ion always increa:>es nu* 
V-ro<^ity and Subtraction always decreases numeror.ity . " (p. 189) 

[That is precisely the case when dealing with *'u^ary addition" and- 
"unary subtraction" {for proper operands) within the domain of natural " 
numbers, ] ^ ^ 

''The rhild'r. 30lyahil ity/ princ iplf^ might incorporatp the concept of 



invf^r '^^ opernrion, that i'^, t h^ 'concef. t th;it ?^ubtrrict ion undoes', the <^ 
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■*:Cl of midition and vice versa. Wo have no real evidenceone way or the 
othf-r on [whether] the concept of the inverse implicit in the child's 
r.olvahiiity principle. All we really know is that preschoolers believe 
tnat differences in numerosity can be eliminated^y either removing some- 
' t::Li"ig fro.^ the larger array or adding something to the smaller array* 
Wi^ether or not the child believes that the numcrornty of what mu^t be 
new^ i i" ^^Uuivalej^t to the numorosi'ty of what must be ad''Jed is a qu^^stion 
f^r furth/?r ijp.Sf^arch/' (p* 190) 

.[I believe that some of Brush's and Ginsburg's change-of-state tasks 
(Brush, 1972i 1978; Brush & Ginsburgi Note 13) are related to this issue. 
A similar (or identical ?) conceptualization is to be found in the equalizing 
process identified by Romberg (Note 30, p. 163) and incorporated in the De- 
vrlopinn Mathematical Processes [di^IP] elementary-school mathematics program.] 

Regarding the final point raised by Gelman S Gallistel, Dieh^s & Gpld- 
ing (1966) have asserted the following (which should be interpreted infcftfrms 
of "unary addition** and "unary subtraction"):. ^ 
"ff we do rin adding, of three when we hav^ just done a subt^^icting of 



^0 




oi four roUowed \>y a subrractinp^ of four^ then v^o wTrM^e tacV whcr^ we 
.rar^^^^'^. Tf^Licher^G are very often not sufficiently awarr how far from oL- 
^^oLii: thlz^ Ic< rirGt of ail, it is not Inimedi^telv obvioui^ lhar MiljLrac- 

.... . r' • • . 

ion i;- invcr:^i? .of ^Idition, and^f^oconciiy that addition i^^^ thi* inverGo 
o: .ui/Trjction^ ^^uhtracrion and addition arc invo^^r^ o* one ^mothor. 
Tbf^:o relationships need to bo learof^d, artS unlesj provL^;]on i.^ made f or ^ 
tl.Q io."jrnin^^ niay not happen," (p. 39)- 

[Evidence of this at the r^ymbolic level was quite clear in connection 
mth one of my own explorations (Weaver, Note 31},] 

The difficulty may be due, at least^Jp^rt, to denes' (1964) conten- 

i 

tion that 

"A r^r'ear deal of qonfused thlnkipg arises through the lack of realiza- 
tion of the double role Df numberf^, namely (1) that of describing the quant 
rativf^ '^tato of a collootion and (?) that of the operation of altering such 
an nySirln?^ stato," (p. 30) 

Developing a_ Particular Meaning for Symbol ic Statements 
The conceptualization^ that have been discussed regarding change-of- 
state situations are background for the development of a unary-operator 
change-of-state interpretation of the symbol system overviewed previously 
in Table 14, In light of an observation made by Gelman & Gallistel and 
vcited, earl ier, [ shall restrict our consideration to the domain of natural 
numbers {/^/},--and leave it to the reader to make his/her own modifications 
if the 7j^^2^*number domain'^(^/) were involved instead. 

Developing mean ing^^ Van Engen (1949) has conl^id^d that 
"In any nieaningful ^^ituation there are always three elements, (1) 
Thor^^ ^i,^> an event, an object, or an action. In general terms, there is a 
refi^vent. (2) There is a symbol for the referent, (3) There is an indv- 



,*ntt'rpT*r.L t}io ^r/ml^oi ar, ^om^^lfiow rof-^rrini; to trie- roforenr, - * 
It ij i rr^jjorttiut ro rememl>or that the ^!^ljoi r^rfer:^ tg something outr.Ido 
n .^MI, Ttiis :>om*^lhinv may ho anyth.inr. whatsot^ver, t-^vr^n jnothor rymliol , 
3ubj^qt orfLy totho condi-tlon that in the end it loridc to a meaninr/ul act 
or a m^^ntcil ima^^.r^/' (p* 323) 

Figure^S is intended to convey the sense of Van Engen's contention 
in relation to the meaning(s) of principal interest in this papet^* 



Insert Figure 15 about here 



Regions [\ and ^ of Figure 15 suggest kifids of referents than can 
provide logical meaning (Ausubel, 1968} for symbols associated with region 

from which an individual derives his/tier idiosynerqtia psychological 
meaning (Ausubel, 1968), 

From the references cited a^l ready on manuscript page 57, together with 
the following, one could cull a, variety of potentially suitable (from un- * 
suitable) referents for regron U of Figure 15,--v/ith the understanding^hat 
candidates for regions c and P need not be restricted to ones in which ^ 
"state*' is associated with a col lection *of discrete entities: 

Git)b (1954, 1956), Reckzeh ( 1956), Van Engen (1955, 1963), Hartung ^ 
(1959), R, Osborn (1961), Schell & Burns (1962), Williams (1963), Coxford 
( 1965), A, R, Osborne ( 1966, 1973, 1976), Biggs (1967-), Clarkson (1967), ■ 
O'Brien (1967^, Payne (Note 32), Romberg, Fletcher, & Scot>>(Tlote 33), 
Van Wagenen (1973), Van Wagenen, Flora, & Walker (1976), Vest (1968, 
1970(a), 1970(b), 1972, 1973, 1974, 1976, 1978), Reys ( 1.971, 1972), Fennema 
( 1972, 1973), Marshal l/t976), Sowder (l976),^/Ashlock^(1977), Richards 
( 1979), and Weaver (/^979). - ' % 
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figuyre 15.' Referents for number^sentences. 
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With^oung children we undoubtedly are concerned primarily with i^e- 
gions C and P of Figure 15 as referents rather than with region 5- (Note, ^ \ 
however, a sensible symbolic referent for "a = e" is V +^ = a'* rather 
than = a/^), 

(It also should be noted'that arty referents that in connection with 
statements such as "2 +- 5 = 7" and "8 - 1 = 7" interpret "2 + 5" |nd "8 - 1" 
^and *7" as different names fi>T tlie ^me mmbet are not Suitable for the 

V ■ ■ ■ • 

unary-operator change-of-state interpretations in which 'we are interested. ) 

Figure 16 suggests that sentences embedded within region £/ may be as- 
sociated injplicitly or explicitly with suitable situations within region V, 



Insert Figure 16 about here 



Verbally-presented "problem'' situations (V) conc>i^bly could be Ye- 
lated to U of Figure 16 at different cognitive levels: for instance, at 
Avital & Shettleworth's (1968, pp, 6-7} level of algoHthmic thinking^ or 
at their open search level which is more closely associated with Resnick & 
Glaser's (1976) characterization of a problem; 

''Psychologists agree-that the term 'problem^^ refers to a situatf^ in 
which an individual is called upon to perforifi a task not previously en- 
countered artd for which externally proviiied instructions do not^specify com* 
pl^itely the mod^ of solution. The particular task, in other words, is ,new 

r 

for*the individual, although processes or knowledge' already available^can 
be called upon for solution/^ (p. 209) 



Thus, any V-V association (Figure 16)ymay be different 



/or different 



children. It may be, in fact, that t^'does not function quite as anticipated 
.in the development of meaning(s) within u. Grouws (1972), for instance. 
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. Figur^ 16* An extension of Figure il5, 



reported that explicit association of "word problems'' with open sentences 
to be solved appeared to have no facilitating effect t#/on pupils' isolation 
•performance, ^ 

A conjecture . We all have experienced instances in which there seems 

— I 

to b^^-a^^ppreciable gulf or gap (chasm-liice at times) between children's 

comprehension of a mathe(tia1:ical conceptualizatibn and their cpm'prehelfisioo 
of a symbolic representation of that conceptualization, —especially when 
that representation is in conventiTSnal mathematical form. It is likely 
that some mediating notational fom might be used to^ advantage at first, ' 
leading eventually to comprehension of the ultimate conventional form, 
Flgure^l? is intended to convey such an idjea* 
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Itisert Figure 17 , about here 



/ 

The mediating notational form (w}*td be suggefsted is one^'that may not 
only contribute to a development of meanlng(s) to be associated with u of 
Figure 17, —the principal concern of this paper, --but also may contribuISs to 
pupils' abi/lity^ to work with V as welU * 

^ From among various possibilities' (arrow diagrams among them) I susPgest 

r 

the mediating notational form of Figure 18, which \s a variation of one used 
previously In Part I of this paper* 



Insert Figure 18 abou^ here 



For counterpart of op^n. sentences, the medier^ing forms would. appear 
as in Figure^ 19 and 20. 
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Figure 17. Afi extension of Figure 16.. 
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^ Figure 18.1 



RrecursorV a + b = c 



START 



DO 
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END 



Figure 18.2 (<r > b) 



Precursor'ot' -a - b = a 



Figure 18^ Hediatirtg notati<Jnal form (Domain N) 
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Insert Figures 19 ^nd 20 about here 

The mediating notational forms provide a conveniertt sys^tematic way of 
recording information given {ultimately along with information once missing) 
in referent situations or verbal problem situations. Forms in no way dic- 
tate the nature of such situations (within the state-operatar-state context) 
rttordo they in any way dictate strategtes that^may be used to cope with Su^^ 
situations. 

Conceptualizations, relationships, properties, $tc, can be '"discovered" 
or whatever from exemplars as recorded with mediating notational forms. In 
some instances the essence of a property (e.g,^ the inveme-operator prop- 
erty) may be represented by a composite of mediating notational forms, as in 
Figure 2h ^ \ 



Insert Figure 21 about here 



The transition or^change tQ the ultimate conventional form 6f symbolic 
notation need not, be^ hurried, — should not be hurried, in fact. 

For some things the mediating notational form has a distinct advantage, 
over its ultimate symbolic counterpart. Consider Figures 19,2 and 20-2, for 
instance: In each, both ^ pacts of the operator must be specifjied,— which is 
an advantage in building a xonceptual ization of tKe nature *rU^^jse^Lw^ 
operators, ^ ... \ 

The mediating notational form also has no troublesqme ''=" symbol for 
children to contend with. * ' 
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Figure 19.1 



Precursor of a'+ h = Q 
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Figure 19. Types of "open" unary-additiort situations {Domain i^)^ 
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ln_ Conclusion 

I have emphasized one interpretation of .symbolic notation within the 
domain of natural numbers,* or whole numbers (and identity operators) 

STATE OPERATOR STATE 



which for change-of-state situations represents that which I believe to be 
a promising but neglected approach to number operations for young children. 
Investigations need to be designe^to 

(1) <Jevelop specific instructional intery^ntion(s} pertaining to the 
content in question, 

, (2) examine the feasibiltty and effectiveness of such intervention(s), 
and (3) relate that content to other interpretations and situations per- 
taining to number operations. * «^ 

WitlNan ino'tial principal focus upon states and operators rather than 
upon operations per se, little if any compromise will need to be made with 
any subsequent mathematicab ^interpretation of operation '. 

Am I barking up a Wrong tree? I dorf't think so* 

. ; . ' ■ ^ ' ■ ■ . ^: 



Footnotes 



^ If you look at the text in which these s^^irtences appear, you will 
find that (somewhat to my chagrin) I was a member, of the writing team that 
produced them; The negative reactions that I had 15 years ago (and still 
have today) to the quoted characterizations simply were overruled by a ma- 
jority of the writing-team members-* 

^ Nothing would be gained here, for Jnstance, by using^ Norbert Wiener's 
'formal definition of the ordered pair (a, 6)^ {{{a}^^}A{b)}} as cited by 
Buck (1970, p. 255). 

^ Brumfiel (1972) sees no real cause for the concern that persons Such 
as Rappaport (1970) have expressed over a lack of agreement regarding the 
nmes applied to these two sets. It does behoove a writer (or speaker), how- 
ever, to make clear the nomenclature befng used* 

^ This "generaV subset condition apples in the case of In the case 
of however, the more restricted condition that fi is a proper subset of A 
{bCZa) must be imposed., 

^ Vest (1969), for instanceVhas developed a "catalog" of presumably 
different but isomorphic "models*' for addition and subtraction. 



^ To some , extent Nesher used different symbolism than I did* Also, 
where I used the "unary opera^tor" concept, she used the functor concept 
from category theory* 

^ I am well aware of a distinction between meaning and understanding^ 
and with discussions of that distinction^ such as those by Hendrix (1950) 
and by. Van Engen (1953)* / 

^ Conceptual Paper No. by Carpenter, Blume, Hiebert, Martin,' and 

Pimrr;- 

"^^tt'^is nyt uhcontnon for young children to faiT to distinguish in 
their speaking, etc. between set operations (and related language) and 
number Operations (and related language}* This failure to distinguish be- 
tween these two markedly different things is evidenced at times among non- 
cjiildren as well - 

* Compositions have been considered by Lay (1966), Dienes & Golding 
{1966y, and more recently by Vergnaud & Durand (1976) and Vergnaud (1979). 
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